On the lower bound of the discrepancy of (t; s) sequences: I by Levin, Mordechay B.
ar
X
iv
:1
50
5.
06
61
0v
2 
 [m
ath
.N
T]
  1
 Ju
l 2
01
5
On the lower bound of the discrepancy of (t, s) sequences: I
Mordechay B. Levin,
Department of Mathematics, Bar-Ilan University, Ramat-Gan, 52900, Israel
Rec¸u le ***** ; accepte´ apre`s re´vision le +++++
Pre´sente´ par
Abstract
We find the exact lower bound of the discrepancy of shifted Niedereiter’s sequences.
To cite this article: A. Nom1, C. R. Acad. Sci. Paris, Ser. I .
Re´sume´
Sur la limite infe´rieure de la discre´pance de (t, s) se´quences : I
Nous trouvons une limite infe´rieure de la discre´pance de se´quences de´cale´s de Niedereiter.
Pour citer cet article : A. Nom1, C. R. Acad. Sci. Paris, Ser. I .
1. Introduction
Let ((xn)n≥1) be an s-dimensional sequence in the unit cube [0, 1)
s, Jγ = [0, γ1)×· · ·× [0, γs) ⊆ [0, 1)s,
∆((xn)
N
n=1, Jγ) =
∑
0≤n<N
1(xn, Jγ)−Nγ1 . . . γs, (1)
where 1(x, J) = 1, if x ∈ J and 1(x, J) = 0, if x /∈ J . We define the star discrepancy of a N -point set
(βn)
N
n=1 as
D∗((xn)
N
n=1) = sup
0<γ1,...,γs≤1
|∆((xn)
N
n=1, Jγ)|/N.
Let ((xn)n≥1) be an arbitrary sequence in [0, 1)
s. According to the well-known conjecture (see e.g. [1,
p.67], [3, p.32])
limN→∞N(lnN)
−sD∗((xn)
N−1
n=0 ) > 0. (2)
Email address: mlevin@math.biu.ac.il (Mordechay B. Levin).
Preprint submitted to the Acade´mie des sciences November 4, 2018
Definition 1. Let b ≥ 2, s ≥ 1, and 0 ≤ u ≤ m be integers and let e = (e1, · · · , es) ∈ Ns. A (u,m, e, s)-
net in base b is a point set P of bm points in [0, 1)s such that every subinterval J ⊆ [0, 1)s of volume
Vol(J) ≥ bu−m which has the form J =
∏
1≤i≤s[aib
−di , (ai + 1)b
−di), with integers di ≥ 0, 0 ≤ ai < b
di
and ei|di for 1 ≤ i ≤ s, contains exactly bmVol(J) points of P.
If e = (e1, ..., es) = (1, ..., 1), we obtain a classical (u,m, s)-net. For x =
∑
j≥1 xjp
−j
i , where xi ∈ Zb =
{0, ..., b− 1} and m ∈ N, we define the truncation [x]m =
∑
1≤j≤m xjb
−j. If x = (x(1), ..., x(s)) ∈ [0, 1)s,
then the truncation [x]m is defined coordinatewise, that is, [x]m = ([x
(1)]m, ..., [x
(s)]m).
Definition 2. Let b ≥ 2, s ≥ 1, and 0 ≤ u ≤ m be integers and let e = (e1, · · · , es) ∈ Ns. A sequence
x0,x1, ... of points in [0, 1)
s is a (u, e, s)-sequence in base b if for all integers k ≥ 0 and m > u the points
[xn]m with kb
m ≤ n < (k + 1)bm form a (u,m, e, s)-net in base b.
If e = (e1, ..., es) = (1, · · · , 1), we obtain a classical (u, s)-sequence. For x =
∑
j≥1 xip
−i
i , and γ =∑
j≥1 γip
−i
i where xi, γi ∈ Zb, we define the (b-adic) digitally shifted point v by v = x⊕ γ :=
∑
j≥1 vip
−i
i ,
where vi ≡ xi + γi( mod b) and vi ∈ Zb. For higher dimensions s > 1 let γ = (γ(1), ..., γ(s)) ∈
[0, 1)s. For x = (x(1), ..., x(s)) ∈ [0, 1)s we define the (b-adic) digital shifted point v by v = x ⊕ γ =
(x(1) ⊕ γ(1), ..., x(s) ⊕ γ(s)). For n1, n2 ∈ [0, bm), we define n1 ⊕ n2 := (n1/bm ⊕ n2/bm)bm.
For x =
∑
j≥1 xip
−i
i , where xi ∈ Zb, xi = 0 (i = 1, ..., k) and xk+1 6= 0 we define the absolute valuation
‖.‖b of x by ‖x‖b = b
−k−1. Let ‖n‖b = b
k for n ∈ [bk, bk+1).
Definition 3. A digital point set (xn)0≤n<bm in [0, 1)
s is d−admissible in base b if
min
0≤k<n<bm
‖xn ⊖ xk‖b > b
−m−d where ‖x‖b :=
s∏
i=1
∥∥∥x(i)
∥∥∥
b
. (3)
A sequence (xn)n≥0 in [0, 1)
s is d−admissible in base b if infn>k≥0 ‖n⊖ k‖b ‖xn ⊖ xk‖b ≥ b
−d.
By [3, p. 60] ND∗((βn)
N−1
n=0 ) = O((lnN)
s) for every (t, s)-sequence (βn)n≥0. In this paper we prove that
this estimate is exact for digitally shifted d−admissible (t, s) sequences and in particulary for digitally
shifted Niederreiter’s sequence (see e.g. [1]-[4]). This result supports the conjecture (2). In [2] we prove
that (t, s) sequences from [1, Section 8] are d−admissibles.
Theorem 1. Let s ≥ 2, d ≥ 1, Em = {[y]m | y ∈ [0, 1)}, (xn)0≤n<bm be a d−admissible (t,m, s) net in
base b, m ≥ 9(d+ t)(s− 1)2. Then
max
w∈Es
m
bmD∗((xn ⊕w)0≤n<bm) ≥ b
−dK−s+1d,t,s m
s−1 with Kd,t,s = 4(d+ t)(s− 1)
2.
Theorem 2. Let s ≥ 1, d ≥ 1, (xn)n≥0 be an d−admissible (t, s) sequence in base b. Then
1 + min
0≤Q<bm
max
1≤N≤bm,w∈Es
m
ND∗((xn⊕Q ⊕w)0≤n<N ) ≥ b
−dK−sd,t,s+1m
s for m ≥ 9(d+ t)s2. (4)
Theorem 3. Let s ≥ 1, (xn)n≥0 be a generalized Niederreiter sequence with generating polynomials
p1, ..., ps, (see [1, p.266], [4, p. 242]), ei = deg(pi) 1 ≤ i ≤ s, e0 = e1 + · · ·+ es, d = e0, t = e0 − s. Then
(4) hold.
2
2. Proof
Lemma 1. Let s˙ ≥ 2, d ≥ 1, (xn)0≤n<bm be an d−admissible (t,m, s˙) net in base b, d0 = d+ t, eˆ ∈ N,
0 < ǫ ≤ (2d0eˆ(s˙ − 1))−1, m˙ = [mǫ], m¨i = 0, m˙i = d0eˆm˙ (1 ≤ i ≤ s˙− 1), m¨s˙ = m − (s˙ − 1)m˙1 − t ≥ 1,
m˙s˙ = m¨s˙ + m˙1, Bi ⊂ {0, ..., m˙− 1} (1 ≤ i ≤ s˙), w ∈ E s˙m and let γ
(i) = γ
(i)
1 /b+ ...+ γ
(i)
m˙i
/bm˙i ,
γ
(i)
m¨i+d0(jˆi eˆ+j˘i)+jˇi
= 0 for 1 ≤ jˇi < d0, γ
(i)
m¨i+d0(jˆi eˆ+j˘i)+jˇi
= 1 for jˇi = d0, (5)
and jˆi ∈ {0, ..., m˙− 1} \ Bi, 0 ≤ j˘i < eˆ, 1 ≤ i ≤ s˙, γ = (γ(1), ..., γ(s˙)), B = #B1 + ... + #Bs˙. Let there
exists n0 ∈ [0, bm) such that [(xn0 ⊕w)
(i)]m˙i = γ
(i), 1 ≤ i ≤ s˙, and m ≥ 4ǫ−1(s˙− 1)(1 + s˙B) + 2t. Then
∆˜ := ∆((xn ⊕w)0≤n<bm , Jγ) ≤ −b
−d
(
eˆǫ(2(s˙− 1))−1
)s˙−1
ms˙−1 + bt+sd0eˆBm
s˙−2.
Proof. Let r = (r1, ..., rs˙) ∈ Ns˙, r0 = r1+· · ·+rs˙, A = {r | 1 ≤ ri ≤ m˙i, i = 1, ..., s˙ and γ
(1)
r1 ...γ
(s˙)
rs˙ 6= 0},
A˙ = {r ∈ A| ∃i ∈ [1, s˙] : [(ri − m¨i − 1)/(d0eˆ)] ∈ Bi}, A1 = {r ∈ A | r0 ≤ m− t}, A2 = {r ∈ A ∩ A˙ | r0 >
m − t}, A3 = {r ∈ A \ A˙ | m − t < r0 < m + d} and A4 = {r ∈ A \ A˙ | r0 ≥ m + d}. We have
A = A1 ∪ A2 ∪A3 ∪ A4. Let
Jγ =
∏
1≤j≤s˙
[0, γ(i)) and Jr,γ,g =
∏
1≤j≤s˙
[
[γ(i)]ri−1 + gib
−ri, [γ(i)]ri−1 + (gi + 1)b
−ri
)
.
Similarly to [3, p. 37,38], from (1) we have that ∆˜ = ∆1 +∆2 +∆3 +∆4, where
∆i =
∑
r∈Ai
Ψ(r)
γ
, Ψr,γ =
∑
0≤gi<γ
(i)
ri
, 1≤i≤s˙
Ψr,γ,g and Ψr,γ,g =
∑
0≤n<bm
(
1(xn ⊕w, Jr,γ,g)− b
−r0
)
.
Consider ∆1. Bearing in mind that (xn⊕w)0≤n<bm is a (t,m, s˙) net, we obtain Ψr,γ,g = 0. Hence ∆1 = 0.
Consider ∆2. It is easy to verify that ∆2 ≤ bt+s˙−1d0eˆBms˙−2.
Consider ∆3. We see that r0 ∈ (m− t,m+ d). Hence rs˙ = r0 − r1 − ...− rs˙−1 > m− t− (s˙− 1)m˙1 = m¨s˙.
Taking into account that γ
(i)
ri 6= 0 and [(ri − m¨i− 1)/(d0eˆ)] /∈ Bi, we get ri = m¨i+ d0ji with some ji ≥ 1,
1 ≤ i ≤ s˙. Hence
r0 = r1 + · · ·+ rs˙ = m¨s˙ + d0(j1 + · · ·+ js˙) = m− t+ d0(j1 + · · ·+ js˙ − (s˙− 1)eˆm˙) > m− t.
Thus r0 ≥ m− t+ d0 = m+ d. We have a contradiction. Hence A3 = ∅ and ∆3 = 0.
Consider ∆4. Suppose that 1(xk⊕w, Jr,γ,0) = 1 for some k ∈ [0, bm) and r0 ≥ m+d. Then [(xk⊕w)(i)]ri =
[γ(i)]ri − b
−ri , i = 1, ..., s˙. Hence x
(i)
k,j ⊖ x
(i)
n0,j
= 0 for j ∈ [1, ri), i = 1, ..., s˙. Therefore
∥∥∥x(i)k ⊖ x(i)n0
∥∥∥
b
≤ b−ri for i = 1, ..., s˙ and ‖xk ⊖ xn0‖b ≤ b
−r0 ≤ b−m−d.
By (3) and conditions of the lemma, we have a contradiction. Thus 1(xk ⊕w, Jr,γ,0) = 0.
We have ∆4 ≤ −
∑
r∈A4
bm−r0 . We derive ∆4 ≤ −b
−d#A5 with A5 = {r ∈ A4 | r0 = m+ d}.
Let jˆi ∈ {0, ..., m˙ − 1} \ Bi, j˘i ∈ [0, eˆ − 1] and ri = m¨i + d0(eˆjˆi + j˘i + 1) for i ∈ [1, s˙]. By (5), we get
γ
(i)
ri = 1 for i ∈ [1, s˙]. Hence A5 ⊇ A6, where
A6 = {r | r0 = m+ d, ri = m¨i + d0(eˆjˆi + j˘i + 1), jˆi ∈ {0, ..., m˙− 1} \Bi, j˘i ∈ [0, eˆ− 1], i ∈ [1, s˙]}.
Let ji = eˆjˆi + j˘i + 1, for i ∈ [1, s˙]. We have
r0 = m¨s˙ + d0(j1 + ...+ js˙) = m− t+ d0(j1 + ...+ js˙ − (s˙− 1)eˆm˙) = m+ d with d0 = d+ t.
Hence js˙ = (s˙− 1)eˆm˙+ 1− j1 − ...− js˙−1. It is easy to verify that js˙ ∈ [1, eˆm˙] for jˆi ∈ [m˙−
...
m, m˙− 1],
for i ∈ [1, s˙− 1], with
...
m = [m˙/(s˙− 1)]. Thus #A6 ≥ #A7, where
3
A7 = {(j1, ..., js˙−1) | ji = eˆjˆi + j˘i + 1, jˆi ∈ {0, ..., m˙− 1} \Bi, j˘i ∈ [0, eˆ− 1], i ∈ [1, s˙],
jˆi ∈ [m˙−
...
m, m˙− 1], i ∈ [1, s˙− 1] and js˙ = (s˙− 1)eˆm˙+ 1− j1 − ...− js˙−1}.
We obtain #A7 ≥ #A8 − eˆ#Bs˙ms˙−2, where
A8 = {(j1, ..., js˙−1)|ji = eˆjˆi + j˘i + 1, jˆi ∈ {m˙−
...
m, ..., m˙− 1} \Bi, j˘i ∈ [0, eˆ− 1], i ∈ [1, s˙− 1]}.
Therefore
#A8eˆ
−s˙+1 ≥ #{(jˆ1, ..., jˆs˙−1) | 1 ≤ jˆi ≤
...
m−#Bi, 1 ≤ i ≤ s˙− 1} ≥ (
...
m−B)s˙−1
=
...
ms˙−1(1−B/
...
m)s˙−1 ≥
...
ms˙−1
(
1− (s˙− 1)B/
...
m
)
≥
(
mǫ(2(s˙− 1))−1
)s˙−1
− (s˙− 1)B
...
ms˙−2
for m ≥ 4ǫ−1(s˙− 1)(1 + s˙B) + 2t. Therefore ∆˜ ≤ −b−d
(
eˆǫ(2(s˙− 1))−1
)s˙−1
ms˙−1 + bt+sd0eˆBm
s˙−2.
Thus Lemma 1 is proved. ✷
Proof of Theorem 1. Using Lemma 1 with s˙ = s, Bi = ∅ (1 ≤ i ≤ s), B = 0, eˆ = 1, ǫ = (2(s−1)d0)
−1,
n0 = 0, and w = [γ ⊖ x0]m, we obtain the assertion of Theorem 1. ✷
Proof of Theorem 2. According to [3, Lemma 3.7], we have
1+ sup
1≤N≤bm
ND∗((xn⊕Q⊕w)
N−1
n=0 ) ≥ b
mD∗((xn⊕Q⊕w, n/b
m)b
m−1
n=0 ) = b
mD∗((xn⊕w, (n⊖Q)/b
m)b
m−1
n=0 ).
By (3) and [1, Lemma 4.38], we have that ((xn, n/b
m)0≤n<bm) is a d−admissible (t,m, s + 1)−net in
base b. Using Lemma 1 with s˙ = s+1, x
(s+1)
n = n/bm, Bi = ∅ (1 ≤ i ≤ s+1), B = 0, eˆ = 1, ǫ = (2sd0)
−1,
n0 = Q⊕ γ(s+1)bm, and w = ([(γ(1), ..., γ(s))⊖ xn0 ]m,−Q/b
m), we get the assertion of Theorem 2. ✷
Lemma 2. Let (xn)n≥0 be a (0, e, s) sequence in base b. Then (xn)n≥0 is e0−admissible.
Proof. Suppose that (xn)n≥0 is not a e0 admissible. Then there exists n0 > k0 ≥ 0 with ‖n0 ⊖ k0‖b
×‖xn0 ⊖ xk0‖b ≤ b
−e0−1. Let ‖n0 ⊖ k0‖b = b
d˜, and let
∥∥∥x(i)n0 ⊖ x
(i)
k0
∥∥∥
b
= b−di−1 (i = 1, ..., s). Hence
κ := d˜−
∑
1≤i≤s(di +1)+ e0+1 ≤ 0. Let d˙i = [di/ei]ei ≥ di − ei +1, ai = [x
(i)
n0 ]d˙ib
d˙i (i = 1, ..., s) and let
J =
∏
1≤i≤s[aib
−d˙i , (ai + 1)b
−d˙i). We have x
(i)
n0,j
= x
(i)
k0,j
for all j ∈ [1, di], i ∈ [1, s]. Hence xn0 ,xk0 ∈ J .
We derive
0 ≥ κ = d˜+ 1−
∑
1≤i≤s
(di − ei + 1) ≥ d˜+ 1−
∑
1≤i≤s
d˙i, and 1 ≥ b
d˜+1Vol(J). (6)
Let n0 = n˙0b
d˜+1+ n¨0 where n¨0 ∈ [0, bd˜+1). It is easy to see that k0 = n˙0bd˜+1+ k¨0 with some k¨0 ∈ [0, bd˜+1).
Hence n0, k0 ∈ [n˙0b
d˜+1, (n˙0 + 1)b
d˜+1) =: W . Thus
∑
n∈W 1(xn, J) ≥ 2. Bearing in mind (6), we obtain
that (xn)n≥0 is not (0, e, s) sequence. We have a contradiction. Hence Lemma 2 is proved. ✷
Proof of Theorem 3. Let e = (e1, ..., es). By [4] and [1, p.266], we have that (xn)n≥0 is a (0, e, s)
and (e0 − s, s) sequence. Applying Lemma 2 and Theorem 2, we obtain the assertion of Theorem 3. ✷
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